
II BAB  

IROET NASADNAL  
 

2.1    skirtaM  

.1.2  1    isinifeD  skirtaM  

  1.2 isinifeD )7891 ,notnA drawoH(  : ukis tapme iges nanusus halada skirtaM -

nagnalib irad ukis - nagnaliB .nagnalib -  nakamanid tubesret nanusus malad nagnalib

skirtam malad irtne narukU .  skirtam  macamreb  naksalejid gnay ,aynraseb  nagned  

aynkaynab  d )latnoziroh sirag( sirab na  aynkaynab  sirag( molok  kitrev .)la  

  2.1.2   kirtaM s sirtemiS  

 skirtaM  sirtemis  halada  skirtam  rujub  aynnemele gnay rakgnas   araces sirtemis

 .lanogaid tapaD  aguj  nakatakid  awhab  skirtam  sirtemis  halada   gnay skirtam

aynesopsnart  amas  nagned  aynirid  ridnes .i  

1.2 hotnoC  

nakirebiD  kirtam s 𝐴 = �
1 2 0
2 3 1
0 1 1

�  akam 𝐴𝑇 = �
1 2 0
2 3 1
0 1 1

� 

k anera  𝐴 = 𝐴𝑇 akam,  skirtam  𝐴 kirtam halada s sirtemis . 

2.2 kutneB  kitardauk  

adaP  naigab  ini naksalejid  kutneb  kitardauk  :utiay  

𝒇(𝒙) = 𝒙𝑇𝐴𝒙                  ( .2 )1  

d nagne  kirtam  𝐴 ∈ ℝ𝑛×𝑛, 𝑥𝐴 ∈ ℝ𝑛 irtne  skirtam  𝐴 utiay  skirtam  s irtemi nagned ,s  

𝑐 𝑗𝑖 = 𝑐 𝑖𝑗   aumes kutnu 𝑖  nad 𝑗 K . naidume  kutnu  𝒙𝑇 = [𝑥1, 𝑥2, … , 𝑥𝑛  ]  naamasrep akam

( .2 idajnem nakiaruid tapad )1 ∶ 

 𝒇(𝒙) = 𝑐 11 𝑥1
2 + 𝑐 21 𝑥1𝑥2 + 𝑐 31 𝑥1𝑥3 + ⋯ + 𝑐(𝑛−1)𝑛𝑥𝑛−1𝑥1 + 𝑐 𝑛𝑛 𝑥𝑛

2. 

𝒇(𝒙)  =  ∑ ∑ 𝑐 𝑗𝑖 𝑥𝑖𝑥𝑗
𝑛
𝑗=1

𝑛
𝑖=1                           2( 2. ) 
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( naamasreP .2 2 tubesid )  kutneb  kitardauk  nagned  n kaynab  lebairav  

𝑥1, 𝑥2, … , 𝑥𝑛 nagned  𝑖 ≤ 𝑗, 𝑗 ≤ 𝑛 nad  𝑐 𝑗𝑖 ∈ ℝ. 

hotnoC  2.2  

J nakraba  naamasrep  tukireb  idajnem  kutneb  kitardauk :  

𝑓(𝑥) = � � 𝑐 𝑗𝑖 𝑥𝑖𝑥𝑗

2

𝑗=1

2

𝑖=1

 

: bawaJ  

𝑓(𝑥) = � � 𝑐 𝑗𝑖 𝑥𝑖𝑥𝑗

2

𝑗=1

2

𝑖=1

 

= �{𝑐𝑖1𝑥𝑖𝑥1

2

𝑖=1

+ 𝑐𝑖2𝑥𝑖𝑥2} 

=  𝑐 11 𝑥1𝑥1 + 𝑐 21 𝑥1𝑥2 + 𝑐 12 𝑥2𝑥1 + 𝑐 22 𝑥2𝑥2 

= 𝑐 11 𝑥1
2 + 𝑐 21 𝑥1𝑥2 + 𝑐 12 𝑥2𝑥1 + 𝑐 22 𝑥2

2 

= [𝑥1 𝑥2] �
𝑐 11 𝑐 21
𝑐 12 𝑐 22

� �
𝑥1
𝑥2

� 

 

tafiS  tinifed  fitisop  nad  tinifed  fitagen  irad  kutneb  kitardauk  𝐱𝑇𝐴𝐱  araces ,

 adap nakirebid pakgnel naiaru  nagned ,tukireb  asilanagnem  ialin  negie  irad  skirtam  𝐴. 

.2 isinifeD 2  :)5002 ,serroR notnA( akiJ  𝐴 skirtam  irtemis s narukureb  𝑛 × 𝑛 nad  

𝜆1., 𝜆2, … , 𝜆𝑛  nakapurem  ialin  negie  irad  𝐴 skirtam  akam  kutneb  kitarduk  𝐱𝑇𝐴𝐱 

ihunemem  

1. tinifeD  fitisop  akij  nad  aynah  akij  𝜆𝑖 > 0 kutnu  aumes  i 

2.  imeS inifed t fitisop  akij  nad  aynah  akij  𝜆𝑖 ≥ 0 kutnu  aumes  i 

3. tinifeD  fitagen  akij  nad  aynah  akij  𝜆𝑖 < 0 kutnu  aumes  i 

4. tinifed imeS  fitagen  akij  nad  aynah  akij  𝜆𝑖 ≤ 0 kutnu  aumes  i. 

ayntujnaleS  akij  ialin  negie  kadit  ihunemem  tapmeek  nautnetek  akam ,sataid  

𝐱𝑇𝐴𝐱 nakatakid   .etinifedni  kutnu ayntujnaleS ipakgnelem  nasahabmep  adap  naigab  

nakirebid ,ini  hotnoc  iagabes  :tukireb  
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3.2 hotnoC : 

halkutneB  naamasrep  𝒇(𝒙) = ∑ ∑  −2𝑥𝑖𝑥𝑗 2
𝑗=1

2
𝑖=1 ek  malad  kutneb  kitardauk  nad  

nakutnet  tafis  tinifed  𝐴  .  

:naiaseleyneP  

     𝒇(𝒙) = ∑ ∑  −2𝑥𝑖𝑥𝑗
2
𝑗=1

2
𝑖=1  

   = −2𝑥1𝑥1 − 2𝑥1𝑥2 − 2𝑥2𝑥1 − 2𝑥2𝑥2 

     = −2𝑥1
2 − 2𝑥1𝑥2 − 2𝑥2𝑥1 − 2𝑥2

2 

                   = [𝑥1 𝑥2] �−2 −2
−2 −2� �

𝑥1
𝑥2

� 

skirtam iraD  𝐴 = �−2 −2
−2 −2� :aynnegie ialin tapadid  

( teD λI − A)  0 =  

 teD ��λ λ
λ λ� �1 0

0 1� −  �−2 −2
−2 −2�� 0 =  

 teD ��λ 0
0 λ� − �−2 −2

−2 −2�� 0 =  

 teD ��λ + 2 2
2 λ + 2�� 0 =  

 ([ λ + 2)(λ + 2) − 4 0 = ]  

λ2 + 2λ + 2λ + 4 − 4   0 =  

λ2 + 4λ 0 =  

 λ1 = 0  , λ2 = −4 

irad ,idaJ  ialin  negie  skirtam  𝐴 tapad  naklupmisid  awhab  𝒇(𝒙) =

∑ ∑  −2𝑥𝑖𝑥𝑗
2
𝑗=1

2
𝑖=1  halada  s tinifed ime  .fitagen  

 

2.3 nalibatseK  

mulebeS  ep nasahabm  nalibatsek  ulrep  ifedid nakisin  kitit  iagabes ,muirbiliuke  

.tukireb  
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3.2 isinifeD  )4991 ,redslO(  irebiD nak  naamasrep  laisnerefid  edro  utas  utiay  �̇� = 𝒇(𝐱) 

nagned  ialin  lawa  𝐱(0) = 𝐱0, haubes  kev  rot 𝐱 ihunemem gnay  𝒇(𝐱) = 0  tubesid  kitit  

.muirbiliuke  

 isinifeD  kitit  ek ibiliu  ,muir  nakanugid  kutnu  nakhadumem  imahamem  isinifed  

nalibatsek  iagabes  .tukireb  

ifeD 4.2 isin  )4991 ,redslO(  kitiT  muirbiliuke  𝐱  nakatakid  ibats  akijl  ∀ 𝜀 > 0, ∃ 𝛿 >

0 aggnihes  ‖𝐱0 − 𝐱‖ < 𝛿 akam  ‖𝐱(𝑡, 𝐱0) − 𝐱‖ < 𝜀 kutnu  aumes  𝑡 ≥ 0  . kitiT  

muirbiliuke  𝐱 nakatakid  libats  kitotmisa  akij  𝐱 nakapurem  kitit  libats  nad  ∃𝛿 > 0 

aggnihes  𝑚𝑖𝑙 𝑡→∞‖𝒙(𝑡, 𝒙𝟎) − 𝒙‖ = 0 ihunemem  ‖𝐱0 − 𝐱‖ < 𝛿.   muirbiliuke kitiT 𝐱 

.nalibatsek airetirk ihunemem kadit akij libats kadit nakatakid  

hotnoC  4.2 : 

nakutneT  nalibatsek  irad  pe naamasr  laisnerefid  tukireb  �̇� = 𝑥  nagned 𝑥(0) = 𝑥0 

:naiaseleyneP  

ayntujnaleS  helorepid  isulos  iagabes  :tukireb  

�̇�  = 𝑥 

𝑥𝑑
𝑡𝑑

= 𝑥 

�
𝑥𝑑

𝑥
= � 𝑡𝑑  

    nl 𝑥 = 𝑡 + 𝑐 

anerak    𝑥(0) = 𝑥0  akam 𝑐 =  nl 𝑥0 

aggniheS  

          nl 𝑥 − 𝑐 = 𝑡 

  𝑛𝑙 𝑥 −  nl 𝑥0 = 𝑡 

               nl 𝑥
𝑥0

= 𝑡 

𝑥
𝑥0

= 𝑒𝑡 

              𝑥 = 𝑥0 𝑒𝑡 
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akiJ  libmaid  kutnu  𝑡 → ∞ nad  𝑥 → ∞  awhab naklupmisid tapad  

�̇� = 𝑥 libats kadit  anerak  paites  aynisulos  ujunem  ∞. 

 

hotnoC  5.2 : 

nakutneT  nalibatsek  irad  naamasrep  laisnerefid  ��̇�1
�̇�2

� = �−2 0
0 −1� �

𝑥1
𝑥2

� 

:naiaseleyneP  

naamasreP  tapad  nakiaruid  idajnem  �̇�1 = −2𝑥1 nad  �̇�2 = −𝑥2  aggnihes , helorepid  

tukireb iagabes isulos : 

kutnU   𝑑𝑥1
𝑡𝑑

= −2𝑥1 

         ∫ 𝑑𝑥1
𝑥1

= ∫ −2 𝑡𝑑  

         nl 𝑥1 = −2𝑡 + 𝑐 

k anera   𝑥(0) = 𝑥0 akam  =  nl 𝑥0 . 

aggniheS  

         nl 𝑥1 − 𝑐 = −2𝑡 

nl 𝑥1 −  nl 𝑥0 = −2𝑡 

              nl 𝑥1
𝑥0

= −2𝑡 

                    𝑥1
𝑥0

= 𝑒−2𝑡 

            𝑥1 = 𝑥0 𝑒−2𝑡 

kutnU  𝑡 → ∞ akam  

  𝑥1(𝑡) = 𝑥1(0). 𝑒−2∞ 

  𝑥1(𝑡) → 0 

kutnU  �̇�1 = −2𝑥1  halada aynisulos helorepid tapad akam  𝑥1 = 𝑥1(0). 𝑒−2𝑡 

 libmagnem nagned 𝑡 → ∞  isulos akam  𝑥1 .lon ujunem  

kutnU   𝑑𝑥2
𝑡𝑑

= −𝑥2 

�
𝑑𝑥2

𝑥2
= � − 𝑡𝑑  
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  nl 𝑥2 = −𝑡 + 𝑐 

k anera  𝑥(0) = 𝑥0  akam 𝑐 =  nl 𝑥0 

aggniheS  

          nl 𝑥2 − 𝑐 = −𝑡 

nl 𝑥2 −  nl 𝑥0 = −𝑡 

   nl
𝑥2

𝑥0
= −𝑡 

   
𝑥2

𝑥0
= 𝑒−𝑡 

              𝑥2 = 𝑥0 𝑒−𝑡 

kutnU  𝑡 → ∞ akam  

  𝑥2(𝑡)  = 𝑥2(0). 𝑒−∞ 

   𝑥2(𝑡)  → 0 

kutnU  �̇�2 = −𝑥2  halada aynisulos helorepid tapad akam  𝑥2 = 𝑥2(0). 𝑒−𝑡 

 libmagnem nagned 𝑡 → ∞  isulos akam  𝑥2 .lon ujunem  

 iraD audek  isulos  tubesret  tapad  naklupmisid  awhab  �̇� = 𝐴𝒙 libats  kitotmisa  

anerak  audek  isulos  ujunem  0. 

 

    4.2    lamitpO iladneK metsiS  

S metsi  iladnek  ikilimem  aud  naigab  utiay   metsis iladnek  rakgnil  akubret  

)pool nepo(  nad  is  mets iladnek  rakgnil  ( pututret esolc d pool metsiS .)  ladnek i rakgnil  

akubret  )pool nepo(   kefe nakirebmem kadit naraulek anamid lortnok metsis halada

 tapad kadit lortnokid gnay lebairav aggnihes ,nakusam naraseb padahret

 padahret nakgnidnabid ialin  .naknigniid gnay  risomaS adnaG( 3002 , ). 

         narauleK                                    nakusaM  

 

rabmaG  .2 1 metsiS  akubreT pooL  

S metsi  



II -7 
 

S nakgnade  is  mets iladnek  rakgnil  ( pututret pool desolc  ) halada   metsis

 nakusam naraseb padahret kefe irebmem naraulek naraseb anamid nailadnegnep

d gnay agrah padahret nakgnidnabid tapad lortnokid gnay naraseb aggnihes  naknignii

.tatacnep tala iulalem  

                                    narauleK                                   nakusaM  

 

 

 

rabmaG  .2 2  pooL metsiS pututreT  

 

 5.2  utkaW lamitpO iladneK  unitnoK  

adaP  naigab  sahabid ,ini  ianegnem  kutnu lamitpo iladnek  utkaw  .unitnok  

nasahabmeP  ialumid  irad  halasam  mumu  utkaw lamitpo iladnek  ok  gnay ,unitn

naktujnalid  halasam  kutnu  nagned raenil iladnek  tuptuo  napmu  .kilab  

1.5.2     halasaM  mumU  utkaW lamitpO iladneK  unitnoK  

P ada  naigab  ini  sahabid  halasam  mumu  utkaw lamitpo iladnek  tnok uni  kutnu  

naamasrep  laisnerefid  kimanid  kutnu  utkaw  𝑡. 

�̇� = 𝒇(𝐱, 𝐮, 𝑡),                  ( .2 )3  

d nagne  𝑥 𝜖 ℝ𝑛  rotkev halada lanretni etats  nad  𝑢 𝜖 ℝ𝑚  halada isgnuf   .tupni iladnek

 isgnuF  naka gnay naujut  iapacid  utiay  naklaminimem  isgnuf  nagned ,fitkejbo  

naamasrep  

𝐽(𝑡0) = 𝜙 �𝐱 (𝑇𝑓�, 𝑇𝑓) + ∫ 𝐿(𝐱(𝑡)𝐮(𝑡), 𝑡) 𝑡𝑑 ,𝑇𝑓
𝑡0

              ( .2 )4  

d nagne  𝑡0   nad lawa utkaw halada 𝑇𝑓 .rihka utkaw halada  

kutnu ,ayntujnaleS  iracnem  isulos  sam a hal  o iladnek utkaw lamitp  unitnok  

akam  nakrasadreb  ( naamasrep .2 ( nad )3 .2  )4 ifedid nakisin   notlimaH naamasrep

iagabes  :tukireb  

kilaB napmU  

S metsi  
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naamasreP  :   notlimaH  𝐻(𝐱, 𝐮, 𝑡) = 𝐿(𝐱(t), 𝐮(t), 𝑡) + 𝜆𝑇(𝑡)𝑓(𝐱(t), 𝐮(t), 𝑡)       ( .2 )5  

 naamasreP  etats           :�̇�(𝑡) = 𝐻𝜕
𝜕𝛌

= 𝒇(𝐱(t), 𝐮(t), 𝑡)(𝑡),     𝑡 ≥ 𝑡0.         ( .2 6) 

eP naamasr  etatsok :   −�̇�(𝑡)   = 𝐻𝜕
𝜕𝐱

= 𝜕𝒇𝑇

𝜕𝐱
𝛌(𝑡) + 𝐿𝜕 (𝐱(t),𝐮(t),𝑡)

𝜕𝐱
(𝑡), 𝑡 ≤ 𝑇𝑓.                                ( .2 7) 

 naamasreP ranoisats  :                𝐻𝜕
𝜕𝐮

= 𝐿𝜕 (𝐱(t),𝐮(t),𝑡)
𝜕𝐮

(𝑡) + 𝜕𝒇𝑇

𝜕𝐮
𝛌(𝑡) = 0  ( .2 8) 

 

 2.5.2    iladneK  rakgniL  kitardauK reiniL pututreT  

adaP  naigab  ini  sahabid  halasam  iladnek  nil g rak  kitardauk reinil pututret  irad  

halasam  iladnek  rakgnil  pututret  ifedid nakisin  p naamasre  kimanid  kutnu  utkaw  𝑡. 

�̇�(𝑡) = 𝐴𝐱(𝑡) + 𝐵𝐮(𝑡),          ( .2 )9  

d nagne  𝐴 ∈  ℝ𝑛×𝑛, 𝐵𝑖 ∈ ℝ𝑛×𝑚,    𝐱(𝑡) ∈ ℝ𝑛 nad   tupni iladnek 𝐮(𝑡) ∈ ℝ𝑚, nad  

mem naklamini  isgnuf  fitkejbo  :utiay  

𝐽(𝑡0) =
1
2

𝐱𝑇�𝑇𝑓�𝑆�𝑇𝑓�𝐱�𝑇𝑓� +
1
2

� (𝐱𝑇

𝑇𝑓

𝑡0

𝑄𝐱 + 𝐮𝑇𝑅𝐮) 𝑡𝑑 , 
 

     ( .2 )01  

d nagne  𝑡0 utkaw  lawa  𝑇𝑓  halada utkaw  .rihka  

ayntujnaleS  nagned  kirtam s 𝑄 nad  𝑆�𝑇𝑓� nakismusaid  tinifed imes  fitisop  

(𝑄 ≥ 0, 𝑆�𝑇𝑓�  ≥  0)   ayntujnales Q nad  𝑆�𝑇𝑓� negie ialin ikilimem  fitagennon  

aggnihes  𝐱T𝑄𝐱  nad 𝐱T (𝑇𝑓)𝑆(𝑇𝑓)𝐱(𝑇𝑓) ialinreb    .fitagennon nakismusaiD  aguj  R 

halada  tinifed  fitisop  𝑅 >  0    aggnihes fitisop negie ialin ikilimem R aggnihes

𝐮𝑇𝑅𝐮 > 0. ayntujnaleS  sahabid  amtirogla  kutnu  nakutnenem  naamasrep  A rabajl  

itacciR  sugilakes  nakutnenem  kev  rot  gnay iladnek nakulrepid  tnu ku  mem naklamini  

isgnuf   .naujut nakrasadreB  P ( naamasre .2 )9  nad  ( .2 helorepid )01  naamasrep  notlimaH  

iagabes  .tukireb  

notlimaH naamasreP   : 𝐻(𝑡) = 1
2

(𝒙𝑇𝑄𝒙 + 𝒖𝑇𝑅𝒖) + 𝝀𝑇(𝐴𝒙 + 𝐵𝒖).        ( .2 )11  
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 naamasreP  etats        :�̇�(𝑡) = 𝐻𝜕
𝜕𝛌

  = 𝐴𝐱(𝑡) + 𝐵𝐮(𝑡).          ( .2 )21  

naamasreP  etatsok  :−�̇�(𝑡) = 𝐻𝜕
𝜕𝐱

  = 𝑄𝐱(𝑡)  + 𝐴𝑇
 𝛌(t).         ( .2 )31  

naamasreP  renoisats   :           𝐻𝜕
𝜕𝐮

= 𝑅𝐮(𝑡) +  𝐵𝑇
 𝛌( 0=)t         ( .2 )41  

nakrasadreB  P ( naamasre .2 41 helorepid )  𝐮(𝑡) = −𝑅−1𝐵𝑇𝛌(𝑡).        ( .2 )51  

ayntujnaleS  P ( naamasre .2 51 d ) i isutitsbus nak  ek  P ( naamasre .2 9 akam )  

helorepid : 

�̇�(𝑡) = 𝐴𝐱(t) − 𝐵𝑅−1𝐵𝑇𝛌(t).        ( .2 )61  

ayntujnaleS  irad  P ( naamasre .2 nad )61  P ( naamasre .2 31 am ) ak  tapad  taubid  

 metsys H negomoh utiay notlima : 

�
�̇�(𝑡)
�̇�(𝑡)

� = � 𝐴 −𝐵𝑅−1𝐵𝑇

−𝑄 −𝐴𝑇 � �
𝐱(t)
𝝀(t)�, 

       ( .2 )71  

d nagne  tam skir  neisefeok  tubesid  H skirtam iuhatekiD .nainotlima  𝑡0 nad  𝐱(𝑡0)  utkaw ,

 rihka 𝑇𝑓  rihka etats ,iuhatekid 𝐱(𝑇𝑓)  gnutnagreb ek adap  𝑇𝑓  aggnihes 𝑑𝐱(𝑡𝑓) kadit   ,lon

akam  isidnok  rihka  utiay : 

𝛌�𝑇𝑓
� =

𝜙𝜕
𝜕𝐱

⎟𝑇𝑓 = 𝑆�𝑇𝑓
�𝐱�𝑇𝑓

�,        ( .2 81 ) 

U kutn  iracnem  akam ,lamitpo iladnek  naka  nakiaselesid  halasam  aud  kitit  .satab  

 aiD nakismus  𝐱(𝑡)  nad 𝛌(𝑡) ihunemem  P ( naamasre .2 81 kutnu )   lavretni paites

[𝑡0, 𝑇𝑓]   aggnihes : 

                                           𝛌(𝑡) = 𝑆(𝑡)𝐱(𝑡),                  ( .2 )91  

d nagne  𝑆(𝑇𝑓)  skirtam halada 𝑛 × 𝑛 naleS . ayntuj  naklaisnerefid  P ( naamasre .2 91  )

tapadid  �̇� = �̇�𝐱 + 𝑆�̇� naidumeK .  irad  P ( naamasre .2 61 helorepid ) : 

�̇� = �̇�𝐱 + 𝑆�̇� = �̇�𝐱 + 𝑆(𝐴𝐱 − 𝐵𝑅−1𝐵𝑇𝑆𝐱)                ( .2 )02  

 iraD P ( naamase .2 7 tapadid )  −�̇� = 𝑄𝐱 + 𝐴𝑇𝛌 ⇒ �̇� = −𝑄𝐱 − 𝐴𝑇𝛌. 

S ayntujnale id , isutitsbus nak  P ( naamasre .2 20  )  ek  �̇� = −𝑄𝐱 − 𝐴𝑇𝛌 :helorepid ,  

                 −𝑄𝐱 − 𝐴𝑇𝛌 = �̇�𝐱 + 𝑆(𝐴𝐱 − 𝐵𝑅−1𝐵𝑇𝑆𝐱) 



II - 01  
 

                 −𝑄𝐱 − 𝐴𝑇𝛌 = �̇�𝒙 + 𝐴𝑆 𝒙 − 𝐵𝑆 𝑅−1𝐵𝑇𝑆𝒙 

                               −�̇�𝐱 = 𝐴𝑆 𝐱 − 𝐵𝑆 𝑅−1𝐵𝑇𝑆𝐱 + 𝑄𝐱 + 𝐴𝑇𝛌  :anamid  , 𝛌 = 𝑆𝐱 

                           −�̇�𝐱 = 𝐴𝑆 𝐱 − 𝐵𝑆 𝑅−1𝐵𝑇𝑆𝐱 + 𝑄𝐱 + 𝐴𝑇𝑆 

                           −�̇�𝐱 = (𝐴𝑇𝑆 + 𝐴𝑆 − 𝐵𝑆 𝑅−1𝐵𝑇S + Q)𝐱. 

.                             −�̇� = 𝐴𝑇𝑆 + 𝐴𝑆 − 𝐵𝑆 𝑅−1𝐵𝑇S + Q 

                               �̇�  = −𝐴𝑇𝑆 − 𝐴𝑆 + 𝐵𝑆 𝑅−1𝐵𝑇S − Q.          ( .2 )12  

k anera  P ( naamasre .2 12 )  ihunemem  kutnu  paites  utkaw  .t  

akiJ  𝑆 ada  hal los u is  kutnu  asrep m naa   laisnerefid itacciR  ( .2 12  tapad akam )

.iladnek isgnuf kutnebid  

𝑢(𝑡) = −𝑅−1𝐵𝑇𝑆(𝑡)𝐱(𝑡).        ( .2 )22  

 kimanid laisnerefid naamasrep nalibatsek asilanagnem kutnu ayntujnaleS

id akam isutitsbus ( nak .2 22  )  ek P ( naamasre .2 9 helorepid ,) : 

 �̇�(𝑡) = 𝐴𝐱(𝑡) + 𝐵�−𝑅−1𝐵𝑇𝑆(𝑡)𝐱(𝑡)�, 

 �̇�(𝑡) = (𝐴 − 𝐵𝑅−1𝐵𝑇𝑆(𝑡))𝐱(𝑡)                                    2( 2. )3  

( naamasreP .2 23  akij nalibatsek iapacnem ) �𝐴 − 𝐵𝑅−1𝐵𝑇𝑆(𝑡)� < 0 

 

 3.5.2    raeiniL  kitardauK  napmU tuptuO nagneD  kilaB  

nakirebiD   metsis malad  kutneb  iagabes  tukireb  

�̇�(𝑡) = 𝐴𝐱 +  𝐵𝐮                          2( 2. )4  

d nagne  naamasrep   tuptuo napmu  kilab  :utiay  

      𝑦(𝑡) = 𝐶𝐱                ( .2 )52  

d anami  𝐱(𝑡) ∈ ℝ𝑛, 𝐮(𝑡) ∈ ℝ𝑚  ,iladnek isgnuf iagabes 𝑦(𝑡) ∈ ℝ𝑝  iagabes  tuptuo

 kirtam nagned 𝐶 ∈  ℝ𝑝×𝑛 s , ayntujnale  iuhatekid  iladnek  ihunemem : 

              𝑢 = 𝑦𝐹                 ( .2 )62  

d nagne  nuf g is  naujut  halada  iagabes  tukireb : 

            𝐽 = 𝑥𝑇 𝑥𝑃 + ∫ (𝑥𝑇 𝑥𝑄 + 𝑢𝑇 𝑢𝑅 ) 𝑡𝑑𝑡
0              ( .2 )72  

d anami  𝐹 halada  haubes  skirtam  𝑚 × 𝑝 
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B nakrasadre  P naamasre  2( 2. akam )6  P ( naamasre .2 tapad )42  uid b ha  idajnem : 

�̇� = (𝐴 + 𝐶𝐹𝐵 )𝑥 = 𝐴𝑐𝑥              2( 2. )8  

y gna  ayntujnales  irad  P ( naamasre .2 nad )62  P ( naamasre .2 akam )82  isgnuf  naujut  

idajnem : 

        𝐽 = 𝑥𝑇 𝑥𝑃 + ∫ (𝑥𝑇(𝑄 + 𝐶𝑇𝐹𝑇 𝐶𝐹𝑅 )𝑥) 𝑡𝑑𝑡
0             ( .2 )92  

  nakismusaiD 𝐽 = 0  tapadid aggnihes :tukireb iagabes naamasrep  

       
xCFRFCQxxPx

td
d TTTT0

             )03.2(  

 aggniheS :helorep id  

      
xCFRFCQxxPx

td
d TTTT

 

xCFRFCQxxPxxPx TTTTT
  

gQFCRFCAPPA TT
c

T
c 0

 
ayntujnaleS  nakisinifedid  notlimaH naamasrep  :tukireb iagabes  

       𝐻 = ( 𝑥𝑃 ) + (g𝑆)                

       𝐻 = 𝑥𝑃 + (𝐴𝑐
𝑇𝑃 + 𝑃𝐴𝑐 + 𝐶𝑇𝐹𝑇 𝐶𝐹𝑅 + 𝑄)𝑆           )13.2(  

ed halada S nagn  kirtam s irtemis  narukureb  𝑛 × 𝑛. 

B nakrasadre  naamasrep   notlimaH 𝐻 adap  ( naamasrep .2 13 )  ,  akam helorepid  

 naamasreP iagabes  :tukireb  

0 = 𝐻𝜕
𝑆𝜕

= g = 𝐴𝑐
𝑇𝑃 + 𝑃𝐴𝑐 + 𝐶𝑇𝐹𝑇 𝐶𝐹𝑅 + 𝑄         ( .2 23 ) 

        0 = 𝐻𝜕
𝑃𝜕

= 𝑋 + 𝐴𝑐
𝑇𝑆 + 𝐴𝑐𝑆           ( .2 33 ) 

        0 = 𝐻𝜕
𝐹𝜕

= 𝑆𝐶𝐹𝑅 𝐶𝑇 + 2𝐵𝑇 𝑆𝑃 𝐶𝑇          ( .2 43 ) 

( naamasreP .2 23 ( nad ) .2 33 nakapurem )  naamasrep  .vonupayl  akiJ  𝑅 halada  

kirtam  tinifed  fitisop  nad  𝑆𝐶 𝐶𝑇 nakub  akam ,ralugnis kirtam  P naamasre  ( .2 43 ) tapad  

lesid e nakias  iagabes  tukireb : 

     0 = 𝑆𝐶𝐹𝑅 𝐶𝑇 + 2𝐵𝑇 𝑆𝑃 𝐶𝑇 
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     𝑆𝐶𝐹𝑅 𝐶𝑇 = −2𝐵𝑇 𝑆𝑃 𝐶𝑇 

                                                         𝑆𝐶𝐹 𝐶𝑇 = −2𝐵𝑇 𝑆𝑃 𝐶𝑇

𝑅
 

   𝐹 = −2𝑅−12𝐵𝑇𝑆( 𝑆𝐶 𝐶𝑇)−1            ( .2 53 ) 
aggnihes  ( naamasrep .2 idajnem )62 : 

𝑢 = 𝑦𝐹  

𝑢 = −2𝑅−12𝐵𝑇𝑆( 𝑆𝐶 𝐶𝑇)−1𝑦             ( .2 63 ) 

D ira  ( naamasrep .2 63 id ) isutitsbus nak  ( naamasrepek .2 52 aggnihes )  helorepid : 

  �̇� = 𝑥𝐴 + 𝐵(−2𝑅−12𝐵𝑇𝑆( 𝑆𝐶 𝐶𝑇)−1 𝑥𝐶 ) 

�̇� = (𝐴 − 2𝑅−12𝐵𝐵𝑇𝑆( 𝑆𝐶 𝐶𝑇)−1𝐶)𝑥            ( .2 73 ) 

nakrasadreB   )5002 ,adrewgnE( helorepid  awhab  P ( naamasre .2 73 naka )  

libats  akij  (𝐴 − 2𝑅−12𝐵𝐵𝑇𝑆( 𝑆𝐶 𝐶𝑇)−1𝐶) < 0. 

 

 4.5.2    kitardauK reiniL  d nagne  napmU  d kilaB ahabmaneP na n ecnabrutsiD  

nakirebiD   metsis malad  kutneb  iagabes  tukireb  

�̇�(𝑡) = 𝐴𝒙(𝑡) +  𝐵𝒖(𝑡) + 𝑑𝐸 (𝑡)             ( .2 83 ) 

d nagne  naamasrep  tuptuo  napmu  kilab  :utiay  

𝑦(𝑡) = 𝑥𝐶 (𝑡)               ( .2 93 ) 

d anami  𝑑(𝑡) halada  ,ecnabrutsid  𝒙(𝑡) ∈ ℝ𝑛, 𝐸 ∈ ℝ𝑛×𝑚, 𝒖(𝑡) ∈ ℝ𝑚 iagabes  isgnuf  

iladnek  atres  𝑦(𝑡) ∈ ℝ𝑝 naamasrep   tuptuo nad  𝒖(𝑡) = 𝑥𝐹 (𝑡) akam  P ( naamasre .2 83  )

tapad  silutid  tukireb iagabes : 

�̇�(𝑡) = 𝑥𝐴 (𝑡) +  𝑢𝐵 (𝑡) + 𝑑𝐸 (𝑡) 

   �̇�(𝑡) = 𝑥𝐴 (𝑡) +  𝑥𝐹𝐵 (𝑡) + 𝑑𝐸 (𝑡) 

uata  

     �̇�(𝑡) = (𝐴 + 𝐹𝐵 )𝑥(𝑡) + 𝑑𝐸 (𝑡)           ( .2 04 ) 

  nakrasadreB em malad )2102(  kkd niduramaK maziN .M m  hadumrep

 ialin akam nagnutihrep  )t(d ecnabrutsid  rabajla naiaseleynep pahat adap isanimile id

itacciR -  aggnihes ayn  naiaseleynep  irad  P ( naamasre .2 04 halada ) : 
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𝑥(𝑡) = 𝑒(𝐴+ 𝐹𝐵 )𝑡𝑥(0) + ∫ 𝑒(𝐴+ 𝐹𝐵 )(𝑡) 𝑑𝐸 (𝑡) 𝑡𝑑𝑡
0                       ( .2 14 ) 

 


