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ABSTRACT

3

gverf&x irregular total k-labeling of a graph G(V.E) with a non empty set I of vertices and a se.mof edges, is a
labeling \:V UE — {1,2, ..., k}, such that for every two distinct vertices have different weight. The weight of a
vertex v, under a total labeling A, is fhmn of label of vertex v and all labels of edges that incident with v. In other
word, wt(x) = A(x) + Zuxep Aux). The tggl vertex irregularity strength, denoted by tvs(G) is the minimum
biggest labellgQat use to label graph G with the vertex irregular total labeling. Some clas§s of graphs have been
obtained its fotal vertex irregularity strength. In this paper, author observe about the total vertex irregularity
strength m:omb product graph of B, and C,,, denoted by tvs(B,, & C,, ). The result of this research is tvs(B, =

Ca) = FW] Jorm = 3 and odd number m.

Keywords: veriex irregular total labeling, comb product, the total veriex irregularity strength.

1. INTRODUCTION
Let G = (V,E) is a simple graph. Graph labeling is a function that carries graph elemﬁs to the

numbers, usually to the positive or non-negative integers, that satisfies a certain requirement. The most
common choices of domain are the set of all vertices (vertex labeling), the set of all edges (edge labeling),

or the set of all vertices and edges (total labeling). Other domain are possible.

The labeling of graphs was introduced by Sedlacek in 1963. Based on the weight of the graph
elements, the labeling divided into several types, they are graceful labeling, magic labeling, antimagic
labeling, and irregular labeling, etc. Irregular labeling has been introduced by Chartrand et al. in 1986.

But, their paper titled “/rregular Network™ was published in 1988.

In 2002, Baca et al. introduced two kinds ﬁ irregular total labelings, namely, vertex 'éregular

total labeling and edge irregular total labeling. Let G = (V,E) be a graph, function f:VUé—)
{1,2,3, ..., i} 1s called vertex irregular total k-labeling in G, if every two different vertices in V €
different weight. The weight of vertex x in V under function f is wt(x) = f(x) + Zxyes f (xy). The
minimum k for which a graph G has a the vertex 1rregular total k-labeling is called total vertex
rregularity strength of G, denoted by tvs(G).




In [5], Bacflt al. obtained lower bound and upper bound of total vertex irregularity strength of a
graph (7 such as the following theorem.

Teorema 1. [5] Let G be a graph ( P, q) with minimum degree & and maximum degree A, then

’Vi:f-‘srvs(G)ip+A—2§+l

Determination of total vertex irregularity strength of all of graphs has not done completely. Until
now, only sevelﬁ}fclass of graph have been determined its total vertex irregularity strength. Baca et al.
observed about total vertex irregularity strengtﬁf cycles, paths, stars, complete graphs, and prism graphs
in [5]. In [6] and [7] ]ﬁwin et al. determined a new upper bound for theﬁal vertex irregularity strength
of graphs and found total vertex irregularity strength qf forest. Nurdin et al. also investigated the total
vertex irregularity strength of trees in [8]. And then, Ali Ahmad et al. obtained the total vertex irregularity
strength of wheel related graphs in [1], disjoint union of helm s in [2], and certain classes of
unicyclic graph in [3]. In [4], Al-Mushayt et al. also observed about total vertex irregularity strength of

convex polytope graphs.

Baca et al. [5] and Nurdin et al. [8] obtained some results about the total vertex irregularity

strength and the total edge irregularity strength of cycles and paths, as stated in the following theorems.

Teorema 2. [S] Let P, and C, be a path and a cycle, respectively, with n = 1 vertices. Then tes(P,,) =

n+1l n+2
T] and tes( Cn) = T b

Teorema 3. [8] Let P, be a path on n vertices. Then tvs(B,) = ngll i

Corollary 4. [5] Let G be an n-regular graph on n vertices. Then [E] <tvs(G)<n—-r+1

Hence, we have tvs( C,) = tes(C,) = nT”'I

2. MAIN RESULTS
We will determine total vertex irregularity strength of comb product graph of B, and C,, . denoted
by tvs(B, & C,), for m = 3 and n = 2 such as the following theorem.

1)m+2'|

Theorem 3. Form = 3 and n = 2 then tvs(B, &= C,) = [(n_ s

Proof':




First, will be show tvs(P,, = C,) = [WI Note that the smallest degree of vertices of graph P, &

C, 1s 2 and sum of vertices whose degree 2 in P, & C,, is (n — 1)m. To get optimal labeling, the weight
of each vertices whose dee 2 are consecutive integer from 3,4,5,...,(n — 1)m + 2. While the weight
of graph P, &= C, \\-‘lﬁe degree 2 is the sum of 3 positive integers which is called label, that is a label of
that vertex and two labels of edges which 1s associated with that vertex. Therefore, we get the largest
(n—1ym+2 (n-1)m+2

I 3 ] [ 3 ]

minimum label which 1s used is and it 1sn’t possible to have been smaller than

So, we conclude that tvs(P, = C,,) = IW] Next, we will prove that tvs (P, & C,) < IW]

by showing there exist a vertex irregular total IW]-labeling of graph P, = C,, .
1

Let the set of vertices of graph B,, & C, 1s:

VBpo C) ={x,y/|1<j<mdml<i<n-1}

And the set of edges of graph B,, & C,, is:

E(Bne Cy) ={xy’/ l1sjsmandi=n-2n-1}U{yJy/|1sisn-3 and1sj<m}u

017y [1 S j S m}u{xjxjall < j S m=-2}U{x,x,}.

I(11—1)1n+2
3

Construct a vertex uregular total l-labeling as stated in the following.

Let 1; = IW] untuk 1 < j <m.

( (_1)m+j+4_2I(n_1;m+2]|_{(“_13)”2]-[(“_13)”1];1fitisposinfand15;’59—2
1 i m(n—1)+j+4—2I(n_1;m+zl— {("_13)”2]—{("_13)”1]' is nonpositiveand?ﬂjsm—2
A(x) = (n_l)m+3_{(n-1;m+z]l_ (n—l)n;—n+3 _Fn—l)?r;—n+2] L
L =1 + 4 — (n—1;m+2]|_((n—1;m+1]_ (n—13)m+zl S if
1;ifi=1landj=1
ahy=| [PFELEEERifi=1and2<j<m

[ngm-ﬂl;irzsisn—landlﬂfﬂm

l(}'n_z‘ij) — I2n—1+(j'3—2)(n—1]




Mynorlny) = [ERER)

_ [i+(n+1)+(j—2)(n—1)
3

k(y,-jyuzj) IforlSiSn—Bandl'stm

2n+(j—=3)(n-1)

l(yljyzf)=l : ]forlstm
l(xjx_;ﬂ) =n, forl<j<m-2
k(xmxl) =Tn

Based on this labeling, we have the weight of the vertices of graph B,, = C,, such as following.

wt(yr ') =001t + A tyst) + My tyet)

_ [1+n+1+(-1)(n-1) [gt+(—2)(n—1)
=1+| 3 [+ ===
C [n+2-n+1 2n=2n+2
=1+ ] [ 3 ]

=1+ [5]+[3

a 3113

=3

Wt()’ﬂ) = 7*-(3’10 +1(ZV1“IJ’3J') + k()’ljZsz)

[2n—2+(j-3)(n-1) [1+n+1+(j-2)(n—1) 2n+(j-3)(n-1)
| 3 ] =il 3 I £ I 3 ]

[2n—2+jn—j-3n+3 + n+2+jn—j—2n+2 [2n+jn—j-3n+3
| 3 3 | 3

:[—n+1+3j(n—1)]+I—n+4—;j(n—1)l+[—n+3+3j(n—1)]

=I—(n—1);—j(n—1)]+[—(n—1)+:;(n—1)+3]+[—(n—1)+§:'(n—1)+2]

— [(f-l);ﬂ-l)] + [U-l)(:-l)ﬂ] + [U-l)(:-l)ﬂl for2<j<m

wt(y,)) = l(?zj) +7*-(3’2jy4j) "‘7*-(3’1‘[.3/2j)

_ |'2+n+(j)(n-1)] + [2+n+1+(j-2}(n-1)'| e |'2n+(j-3)(n-1)]
1 3 I 3 3




_ [24n+jn—j—2n+2 o [24+n+1+jn—j—2n+2 + 2n+jn—j-2n+3
-1 3 I 3 3

-—n+4+3;'(n—1)]+I—n+5+3,i(n—1)|+[—n+3+3}(n—1)

= — i G — 1D RS —-m-D+jn-1)+4 (= I — 10 HE
- 3 l+[ 3 |+I 3

3 3

_ '(n—l)(j—l)+3l+[(n—1)(g—1)+4l+

(n—l)(}'—l)+2l

wt(yi') = My!) + M2 yi?) + My yie2?)

_ [i+n+(-2)(n-1) i—2+(n4+1)+(-2)(n-1)] , [i+n+1)+(-2)(n-1)
= 3 ] L2 [ 3 ] + 3 ]

[i+n+4nj—j-2n+2 + i-24n+14nj—j-2n+2 +[i+n+1+nj—j—2n+2
| 3 3 | 3

[E—n+2+j(n—1)'| 3 |'r'.—n+1+j(n—1)'| + |'r'.—n+3+j(n—1)
| 3 3 3

_ [G=D-D+i+1] | [(-D@O-1)+i (=1)(n-1)+i+2
= 3 ] L. 3 I ok [ 3

[for1<jsmand3<i<n-1
wit(xy) = A0x) + Mxpmxy) + Myp—2™xm) + A(p-1"x0)
m—1)m+1

=(?_1)m+4_I(n—1;m+2 ) _[(n—lgm+%+[(n—1;m+2

+IZn—l+(m—Z)(n—l)l+[Zn+(m—Z)(n—l)

3 3

C _ _ [(n-1)m+2 _ (n-1)m+1 [2n-1+m(n-1)-2n+2 2n+m(n-1)-2n+2
=(n-1m+4 I3 ] [ 3 ]+| 3 ]+[ 3 ]

n—1m+2 m—1)m+1 m—-1m+1 nm—1)m+2
=m—1m+4— I 3 - 3 3 3
=n—1m+4

Wt(xm—l) = ’l(xm-l) ili k(xm—zxm—l) il l(yn—lm_lxm—l) i k(yn—zm_lxm—i)




=(n—1)m+3_[(n_1)m+2 _[r=Vm-n+3] [(r-Dm-n+2
3 3 3
+[(n—1)m+2]+[2n+(m—2)(n—1)l+ 2n—1+(m-2)(n-1)
B 3 3
=(n—1)m+3—[(n_1)m_"+3l_ (N—l)m—n+zl
3 3
2n+mmn—-1)-3n+3] [2n-1+m@n—-1)-3n+3
—(n—1)m+3— (n—l)?‘;—n+3 B (n—l)r:—n-l—Z [m(n—lg—n+3

mn—-1)-n+2
+[ - ]

=Mnm—-1)m+3

wt(xy) = A0¢;) + My x2) + Mxmx1) + Ap—1%1) + A(yp—2"x;)

—(m—1m+5-2 (n—lgm+zl_ln-3l—ll_[%]+[(n—1;m+zl (n— 1;m+zl
" Fn +(—1)(n— 1)] - IZn —1+(-Dn-1
3 3
- G s -« )
n+1 n+1
=(n—1)m+5—[ 3 l—r%]+[ 3 ].'_E]
=Mm-1)m+5
If(n—Dm+j+4—2 {(“‘1;‘"*2] _ [(n-lzuﬂ] _ Ir(n-ia)ml 2 thon
wt(x;) = A05) + A(xj-1%) + M(xx141) + 2(Vn-17%;) + Myn-2"%))
— = Dm#jra=2[" 1;m+2 _I(”‘?J"*‘z _ (?1-13)1'+1 (n - 1;m+2
3 I(n— 1;m+ 2 - Fz'wr U—32)(n— 1)] N Izn— 1+ 0’3— 2)(n—1)




(n—1)j+2
3
Izn—1+(n—1)j—2n+2
* 3

2n+(n—-1)j—2n+2
3

=mn—-1m+j+4-

(n-1)j+1
[

=(n—l)m+;’+4_[(“—ﬁf”l_[(n—l)j+1l+[(n_1)j+zl+[(n—1);+ll
3 3 3 3
=(n—-1m+j+4for2<j<m-2

Whileif (M= 1)m+j +4-2 [(ﬂ—_gﬁ] — [(n_;)j+2] — I[(n_l)jﬂl < 0 then :

3

we(xy) = 20g) + 2Mx-1%) + M(542) + 2 (n-172) + Myn-2"x)

2n+ (j—-2)(n-1)
3

[(n—l)m+2
=1+ :

+I(n—1;m+2 N

+[2n— g+ 03—2)(n— 1)

Sn—-1m+j+4for2<j<m-2

Note that of function ). is mapping from {V(By & Cy) UE(By & Gy} into {1,2,..., [F=2"22]}. The
weight of the vertices of graph P, = C,, which is denoted by wt(y[-f ) 1s consecutive positive integer
from 3 until (n — 1)m + 2. While the weight of the vertices of graph P, = C, \ﬁich is denoted by
wt(xf) is different positive integers starting fl‘ﬁl (n—1)m + 3. This shows that A is a vertex irregular

total labeling. Therefore, we conclude that tvs(B, & C,) < [W]

3. CONCLUDING REMARKS

. 1}m+2
In this paper, we find that tvs(P,, = C,) = IT

] form=3andn = 2.
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