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Abstract— Invers of a matrix is important in mathematics,
specially in algebra. Invers of matrix applicate in many sectors,
either in mathematics or another sector. There are many
methods to determine the invers of a matrix, one of them is
adjoin method. The adjoin method is a simple method to
determine the invers of a matrix. This paper want to determine
the general formula to find the invers of a Tridiagonal Toeplitz
Matrix by adjoin method. There are three steps to determine
invers of a tridiagonal toeplitz matrix. The first one, find general
formula of determinant of tridiagonal toeplitz matrix. The second
one, find general formula of cofactor matrix of tridiagonal
toeplitz matrix. And the last one, find the general formula of
invers of tridiagonal toeplitz matrix.

Keywords— adjoin, determinant, invers of matrix, cofactor
matrix, tridiagonal toeplit; matrix

I. INTRODUCTION

Howard Anton dan Chris Rorres (2004) define that matrix
is square array of numbers. One of kind of matrix is toeplitz
matrix. Robert (2005) define toeplitz matrix as a symmetric
and circulant matrix, which is every element in the main
diagonal are same and every element in corresponding
subdiagonal with its main diagonal are also same. General
formula of toeplitz matrix is followed.

Howard Anton dan Chris Rorres (2004) define that matrix
is square array of numbers. One of kind of matrix is toeplitz
matrix. Robert (2005) define toeplitz matrix as a symmetric
and circulant matrix, which is every element in the main
diagonal are same and every element in corresponding
subdiagonal with its main diagonal are also same. General
formula of locpl& matrix is followed.
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Which is t;; is element in the i-th row and j-th column.
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One of kind of toeplitz matrix is tridiagonal toeplitz
matrix. Salkuyeh (2006) define this matrix as a matrix with
form :

h ¢ 0 0 0 0

a b ¢ 0 0 0

10 a b ¢ 0 0
A= 00 = * = 0 (2)

00 0 a b ¢

0 0 0 a b

0
witha,¢c # 0 € R.

A matrix is invertible if determinant of the matrix is not
same with 0. There are many methods to determine invers of a
matrix, they are substitution, partition of matrix, adjoin matrix,
Gauss Elimination, Gauss-Jordan Elimination, Multiply
elementer invers matrix, and matrix decomposition LU. If the
order of a matrix bigger then we are more difficult to
determine its invers, so we need a better formula to determine
invers of a special matrix.

Bakti Siregar et. al. (2014) have found a general formula to
determine invers of toeplitz matrix with special form as
followed.
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The result of their research are followed :
1. Formula to calculate determinant of a toeplitz matrix
order nin (3) is
det(7,) = (-1)"(n — 1)x™
2. Formula to determine cofactor matrix [K,- y Tn] order n
in (3)is

det(T,,) ifi=j
Kian - {(_1)n+1x11—1 ,lff. __#}
3. Formula to determine invers of toeplitz matrix order

nin (3)is
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From this result, we can see that there is a formula to
calculate determinant, to determine cofactor matrix and invers
of a toeplitz matrix with form in (3). So, we can easier to find
determinant, cofactor matrix, and invers of the matrix, that is
only input value of » and x of the matrix to formula of
determinant, cofactor matrix, and invers of the matrix which
have found.

In this paper. we determine the general formula to
determine determinant, cofactor matrix, and invers of
tridiagonal toeplitz matriks in (2).

II. TRIDIAGONAL TOEPIﬂ'Z MATRIX

Definition 1 ( RM. Gray, 2005 ) A Toeplitz matrix is an
nxn matrix T, = [tk j=01,..,n—1]] where t;; =
ty—j. a matrix of the form

Lo ty t t_(n-1)
ty ty t4 t_(n-2)
T,=| Lz 51 to t_(n-3)

t(n -1) t(‘l‘l- 1y T t to
Based Definition 1, then are different kinds Of Toeplitz
matrix, within one is Toeplitz tridiagonal matrix.

Definition 2 (Sukluyeh, 2006) A matrix is an nxn said
matrix tridiagonal Toeplitz matrix with orde n if’ a matrix of
the form

b ¢ 0 0 0 0
a b ¢ 0 0

A= g 3 b C 0 g dengan a,c =0 € R.
00 0 a b c

00 0 0 a b

There are several methods to determine the determinant of
a square matrix, namely Sarrus Method, Minor and Cofactor
Method, Chio Method, Gaussian Elimination Method and
Matrix Decomposition Method. The author simply using
minor and cofactor in finding the determinant of a matrix.

B A matrix A has an inverse or invertible can be seen from
the determinant of the mfE} A. If det(A4) = 0 means that the
matrix A has an inverse. Determining the inverse of a matrix
can use adjoin method. Adjoin method obtained from
transpose of matrix cofactors and denoted by adj (4). So,
inverse of matrix 4 is:

1
ATt = ———adj(A
det(a) “4 @A
Toeplitz matrix covered by Bakti Siregar, et al in 2014 was
T,, Toeplitz matrix as (.3). The matrix will be determined on
the determinants, matrix cofactors. and its inverse, with the
following steps:

a. Determinant of Toeplitz Matrix

To obtain the value of the determinant formula Toeplitz
matrix is done by examining the pattern matrix Toeplitz
determinants T,the order of 2x2 to 7X7 by using

elementary row operations. The operation can be seen in the
following process:

1. Suppose Toeplitz matrix of order 2 X2 1s T, = [2 '8
where Vx € R thus obtained
_ 0 x - 0 x ) _ .2
72| —|x 0|(81 ©By) — |, D|_ x% then |Tp| = —x
0 x x
2. Suppose Toeplitz matrix of order 3 X 3 1s T = 0 x
x x 0
where Vx € R thus obtained
0 x x x x 0
ITs|=|x 0 x|{(By<B)—|x 0 x|(B,—5)
x x 0 |
X X x x x 0
-0 ¥ —x|[(B,—-By)=-|0 x x |=2x%
0 x «x 0 0 -2x

The process for obtaining the determinant of the matrix
Toeplitz Ty, Ts, Tg and T; can be searched in the same way in
order to get the results in tabular form as shown below

TABLE 1. DETERMINANT TOEPLITZ MATRIX T,

No Toeplitz Matrix T, Determinant
1 T, —x*
2 T, 2x°
3 Ty —3x*
4 Ts 4x°
5 Te —5x°
6 T 6x7

From Table | can be obtained that the pattern of the value of
the determinant of the matrix Toeplitz T, seen in Theorem 1.

Theorem 1 (Bakti Siregar, dkk, 2014) Suppose T,, a Toeplitz
matrix of order n=2 in (3) where the value of the
determinant of the matrixVx € R T, is
Tl = (=1)™1(n = 1)x
b. Matriks kofaktor dari matriks toeplitz
To determine the inverse matrix T,,. necessary cofactors of
the matrix T,. Formula cofactors T,matrix can be seen in
Theorem 2.
Theorem 2 (Bakti Siregar, dkk, 2014) Suppose T,, a Toeplitz
Matrix of order n = 2 in (3) where Vx € R the cofaktors
matrix Toeplitz T,, is
-y untuk i = j
Kt'an = { nni:l. n-1 ; j
(—1)n+ixn-1, u i #j
where K;;T, kofaktors which is the-i th row and j-th column.
Theorem 2 show that cofaktors matrix T,, secara umum, so

in Theorem 3 will be show inveres matrix T,, obtained with
use method adjoind matrix T,.




Theorem 3 (Bakti Siregar, dkk, 2014) Suppose T, a Toeplitz t;; are entries which is the-i th row and j-th column
matrix of order n = 2 in (3) where ¥x € R and |T| # O then

inverse topelitz matrix T), is III. MAIN RESULT
—(n—2) To obtain the value of the determinant formula tridiagonal
untuk i =j Toeplitz matrix is done by examining the pattern matrix
T l=1g j= (n—1x tridiagonal Toeplitz determinants T, the order of 3x3 to

20x20 and then we'll make a common form of the determinant

untuk i # j 4 e p ; ; ;
J of the tridiagonal Toeplitz matrix. Seen in theorem 3 below:

(n—1x’

Theorem 4. Given A,, a toeplitz tridiagonal matrix of order n = 3 in (2) where a, b, ¢ € R then the value of the determinant
of matrix 4,, is:

|A“|:b“—(n—l b"_26‘+§fazb"_4 [Z;+2,+ +“zf)a‘bu6 3

+ [(n- 7)2 +(” - Z + ig)zf'l'"""lif}a*b"";c*
_ n—9)(n—8)z. (n lO)(n 9)Z N +l§r]a’b" L

21
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a(lbn—lQCfs
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4)

Proof of the theorem by using mathcmanca] induction

Proof:

Prove of the theorem by using mathematical induction
1. forn = 3 then apply

|4|=b" - 2abc +0
=b* - 2abc
Jtrue.

2. Assume true for n = k true, ie




k-3 1 2 k=5 m
|4, =b" —(k=Dab* e+ ia*b*c? —[Z:’+Zf+---+ZiJa3b“c3
=1 i=1 i=1 i=1
¥ed | 1 A 2 B 3 =7
+ MZH—; S)ZH (k 9)2,."+---+lz.f']a“b'*'gc4
- 9){k s)Z 10)(k 9) Z . +lzl}asbk -0,

P 11)(@0)@: 9)2 (k 12)(k - 11)(k 10)Z E“}

+

B i=]

a(\bﬁalzcﬁ

N . _ _ _ 1 _ k-13
[k =13)(k 1zi(lk 11)(k lO)ZH(k 14)(k - 13}k -12)(k - 11)Z .. +lz}
| . i=l 1

a?bk_MC?-i--"

3. Will be shown for n = k + 1 is also true,
Note that

|Ad =b|4;| - a4, |
k=3 1 = k=5

=p* —(k—l)ab“c+§;’. a’b*=c? —[ZI+ZJ +---+z;]a3b“03
i=l 1 i=1

_k~"_k—82_k9 = B
+—(d7)21+( !)Z: ( .)Z."F +1-‘Z;:]a“b”c“

| == 8)5 SULE 9)5 il Z,}azb‘_gs

(k—l]) (k 10) (k —9) < (k 12) (k=11) (k -10) & = -
+7 o 3 Z 3 Z +1.§1] atht et
N '+[(k—l3)(k—1231(lk—11)(k—10) &“"“'*(k_14)(k_1325k_12)(k_11)if+"'+1'§f] JEPYSER
: i=l . i=l i=l
k=4 1 2 k=6
+...—ac {b"" -(k-2) a::b“""c+E‘.c:2!7""5c2 —[ZHZH ...+Zf]a-‘b"‘?c“
i i i=1 i=1
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i=l i

g 53 |
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_ Z = § it- +1.r=] r}ab ¢ +}

3l

[t means we get




k-2
=p* —ka.b*"'c+Z,:Zrzzaf)‘*"‘c'2 —(ZI +z:+ +z;Ja b*3c?

:-1
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fm] f=1 i=l
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. (k-loxk 9)(k — 8)§:+(’““)”‘ 10)(k - 9)2 . LZE]‘]%‘._.[CG

3 = i

(k—lz)(k—lli!(k—IO)(k 9)Z k- 1’3)(k—1231(!k—11)(k—10)z . +z+_ BT L

Proof ends.

Specifies known cofactor matrix using the equation C;; = (-1)*Mm ij- Then get the matrix of cofactors for tridiagonal
Toeplitz matrix. So we can formulate the general form of the cofactor matrix to tridiagonal Toeplitz matrix of order n x n. The
following general formulation of cofactor matrix of Toeplitz tridiagonal matrnix of order nx n in the theorem 5, as well as his
proof using mathematical induction.

Theorem 35 Given A, a toeplitz tridiagonal matrix of order n = 3 in (2) where a, b, ¢ € R then cofactor matrix from 4,, is:

*4,| -1al4,,| (-D'ald,| o (D" |4 (- g™

D eld,|  EDAIAL D aldlldL] o D™ e 4|4 (<D a4
DAL ) eld|dL] DA 4] e D A4 (<D e |4y
C, = (~l)5c‘ A4 D°e? |Ag||z1” J Y c|A|AH| e (D™ a7 A4 D™ a4

N
“ .}||J1 | ( 1)n+n -2

( l)umz |A | ( l)u+l n-3 |/1 | |/1 ‘ ( l)u+2 n-4 |/1 HA | J!-HJ 1 “ 2|
I ( ])n+l n-1 ( 1)n+2 n-2 |A1| ( 1 n+3 n 3 |A3| . ( 1)n+n 1 |A” 3| n
Proof: B c 0 - 0 0 0
Consider the following matrix a b e o 000
N = 0 e 000
b e 00 000 Cp=¢1 |, “ =(-1°[4,.|
(15 LY g 00 000 -« abe
8 £ Yoo 000 0 a b
A,=10 0 a b 0 0 0| where abceR "
: a ¢ 0 - 0 0 0
0000 - a b c 0 b e - 000
(0000 - 0 a b_ 8, - Iy’ 0 a b - 0 =(-Da |"4u-3

w
8

Furthermore, we will verify every entry ofZlhe matrix 00 - a b c
cofactor. Starting from the entry cofactor matrix first row and

the first column to the first row to the n-column . Furthermore. 0 DS - o],
the second row and the first column to the second row and n -
column. Onwards to do the same thing to the n- row and n -
column . The process is given as follows:

=T =]

The same thing is done up(C, . so that we can shape

1

public for the first line entry matrix cofactors, namely:

a. Entries first line of the matrix of cofactors as
follows:




b 0 0 0 0 0
a ¢ 0 n 00
0 a b 000
C,,=(-1)
a c 0 - 0 -
B 0 00 m a b ¢
00 0 - 0 a b
] R BT C !

0000 - ab =(_l)5b‘C‘Au—Sl:(_]-)SC|A]||14u—3|

0000 0 b, The same thing is done up, so that we can shape common

=

b. Entries second line of the matrix of cofactors as '@ the second liueﬁry matrix cofactors, namely:
follows b e 00 - 0 0
¢c 00 <« 0 00 abn---on
00 ab - 00
a b ¢ 0 0 ., =(_'1),,+3 : =(_'1}a.+3 a? |/11
C(l)_,oab-oo el : : :
aa == =({-lyc 2
21 n-2 0 0 a b
000 . ab e 0 - 0 af,
000 - 0 a b|,
b 00 ««« 0 0 0
a 0 - 0 00
0 ¢ 0 0 0
Cpo=(=D'|0 a b 00 0 =D* |1'l,,_:|.b=(—l)|.4,,_2 |1'l Entries row 4.5.6 and so on is done in the same way, so
: that the obtained entry for the n-th row as follows:
47
00 0 - b
“one c 0 000
000 - 0 a b|,
b ¢ 0O 0 0 0
The same thing is done up, so that we can shape common C == ab c 000 = (=1 ™!
to the second line eﬂ'\ matrix cofactors, namely: " 0 a b 0 0 0
b e 00 - 00 :
0O a b c -~ 00 0 00« abq,
o o0ab 00 ; .
(jzn :(_])n+2 ) :(_I)JM-.. banwi! :(_l)m-i! a™? A|| h 0 0 0 0 0
i a ¢ 0 000
00 0 0 a b 1o b ¢ 000
C, ==
00 00 0 a " 0 a b 0 00
c. The third line entry Cofactor matrix as follows 000 - a b ?]
:(_l)mz b .C"_] = (_l)n+2 Cn—z |A]|
c 00000 The same thing is done up. so that we can shape common
c 0 - 0 0 0 to the second line entry matrix cofactors, namely:
Ja a b .
C.\] =(-1) =(-1) C|A;-}‘
000 - b ¢
0 00 0 a o




b c 0 0 00
a b ¢ 0 0 0
__Zj,Oabc 0 0 _ f_iads
Con =D 00 a b 0 0 =D 4,
0000 - a bf,
From the above calculation, obtained:
[ DALl Dald Dald,| - D@4 ED)Ma™
D’eld,] (D44, (-1)° ald)||4, D" a A4 DT a4
DA D elAlldnl DA A D™ @ Al D™ a7 |4,

Co=|D 4| D 4|4 CD |4l o (D™ a7 |A[|4] D™ a™ 4|

H H ) H “ H H
(_l)ﬂd—z |A]| (_l)JH] cn—3 |A]||A|| (_1)n+- CI'J'—-I |A|| A2 (_l)n+ﬁ—2 |Aﬂ_2||A|| (_l)ﬁ+ﬁ—2 a |A"_2|
i (_l)m-l cn—l (_1)M+2 cn—? |A|| (_I)JHS cu—3 | e {_l)m-n-l c Aﬂ_z (_l)br ¢ An_|

Proof complete.

Of the matrix of cofactors above we will determine the adjoint of the matrix of cofactors. Adjoin determine the matrix
of cofactors in a way mentransposkan the matrix cofactors, ie mengubag rows into columns and change the column into line, as
follows:

(G O I O A VR G ¥ Y CO@§lal e
(Dald, | DALl D el A N E A AL DT A 4] D e A
Adh)= (—l)fa\A,,._‘I (—n“alA;lla,,.,l (Tn‘ EH[ER ‘(—n“cll-lzll:-ln..l - (-1 c""!‘-‘l.ll-%l (-1 e |

-"1:| (’I)M a"'5|_»'1‘||,13| (’l)mq|-'qn-1“’4ll (’I)M-ICL*]»-:'

Al C AL e Gl ), )

The third general formulation is a general formulation of the inverse matiff¥idiagonal topelitz. Next we will substitute (4)
and (5) the common form of all of the above equation into the general equation inverse matrix, namely

+ . .
(*l)nﬂ"-“lfll| (7|)ml a/l-} |A|||A|| (7l}nu‘ au--l |A||
(SIS S

-1

1 N
= o~ ®

or

1
(’qﬂ)_1 = m adj(Ay)

IV. CONCLUSION

Before we find invers of tridiagonal toeplitz matrix by adjoin method, we must determine general formula for determinant and
cofactor matrix of tridiagonal toeplitz matrix. After that, we get invers of tridiagonal toeplitz matrix by substitution determinant
and cofactor matrix to equation (4,)”! = ﬁadj(An). The general formula of determinant, cofactor matrix, and invers of

n
tridiagonal toeplitz matrix are as followed.

1. The general formula of determinant of tridiagonal toeplitz matrix.




|A"|=b"_(n—l)ab”‘2c+"&jf025n—qcz [ZI"'ZH' +ir]a s
i=l 1

n=7
+ (- 7)2 (n— 8 i E+ +121]a“b"s a
‘ ' i= 1
9
(n 9)(” g)z (” lO)(” 9)&+ +lZi:|asb"_mc“
i=1
(n—u)(n—lo)(n—9) L (n 12)(n - ll)(n 10){ nll
_ P ;r Z + +lz
a(\bn—ucﬁ
_(n—l3)(n—12£)1(ln—ll)(n—lO)z' (n —14)(n—13)(n 12)(n—11)Z "_”:'_Tb“'”cu,,,
2.~ The general formula of cofactor matrix of tridiagonal twplllz matrix. =
[ DA D4, e gl e
(-cld,, M 1 S R GO V Y| (=" a" |Af|4] D" a4

= A D el |4, (-° |4y |4,5]
=D A (D 4|4, (17c|4,|

[}
1

n-l|

" 'u-z g J:—] 1+ -
D" |4l )™ 4|4 -)e
| (_l)ml cu—l (_l)m-z Cu—l |A|| (_I)JH-} cn—] |A2|

" =

]

(_l)uHr—z |A”_2| |A|| [_ l}m-n—i a |A
[_ UNM_I ¢ |AJF—2| (_1)2" ¢ IAM—Il |

)rH n-4 |4 | | ‘Ll ) )rHj an-i ‘Azl

(37 §

JI'-2|

3. The general formula of cofactor matrix of tridiagonal toeplitz matrix is transposed to get the general formula of adjoin

matrix of tridiagonal toeplitz matrix.

S EC U N VA

(-)'a -0 |~1||4 A (—I°c:|A,||A,, f
Adi(A,)= (—1].a‘.4"_3| (_I) "|-’1J||-'4»-J| 2 '4w-3| “l{ ||'Iu 4

. : :

(_l)ﬂaﬂ-!|‘4|| ( )Jhl aJI 3|‘1|||4| l 2 dl -4 |‘1||‘L| JI 3an-5

(S N © Vi * 1 | ol ” N B | * N
4. The ﬂeneld] founuld of invers of tridiagonal toeplitz matrix.
(A" = adj(A,)
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